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Abstract
A drawing of a graph is 1-planar if each edge is crossed at most once. A graph is
1-planar if it has a 1-planar drawing. A k-bend RAC (Right Angle Crossing) drawing
of a graph is a polyline drawing where each edge has at most k bends and edges cross
only at right angles. A graph is k-bend RAC if it has a k-bend RAC drawing. A 0bend RAC graph (drawing) is also called a straight-line RAC graph (drawing). The
relationships between 1-planar and k-bend RAC graphs have been partially studied in
the literature. It is known that there are both 1-planar graphs that are not straight-line
RAC and straight-line RAC graphs that are not 1-planar. The existence of 1-planar
straight-line RAC drawings has been proven only for restricted families of 1-planar
graphs. Two of the main questions still open are: (i) What is the complexity of deciding
whether a graph has a drawing that is both 1-planar and straight-line RAC? (ii) Does
every 1-planar graph have a drawing that is both 1-planar and 1-bend RAC? In this
paper we answer these two questions. Namely, we prove an NP-hardness result for the
first question, and we positively answer the second question by describing a drawing
algorithm for 1-planar graphs.
Keywords: 1-Planarity, RAC drawings, NP-hardness

1. Introduction
An emerging line of research in Graph Drawing studies families of non-planar
graphs that can be drawn so that crossing edges fulfill some desired properties. This
topic is informally known as “beyond planarity” (see e.g. [17, 23, 26]). Different types
of properties give rise to different families of beyond planar graphs. Among them,
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Figure 1: A 1-planar 1-bend RAC drawing.

particular attention has been devoted to 1-planar graphs (see, e.g., [28, 32]; and refer to [24] for a recent survey) and k-bend Right Angle Crossing (RAC) graphs (see,
e.g., [12, 13]). A drawing of a graph is 1-planar if each edge is crossed at most once.
A graph is 1-planar if it has a 1-planar drawing. A k-bend RAC drawing of a graph is
a polyline drawing where each edge has at most k bends and edges cross only at right
angles. A graph is k-bend RAC if it has a k-bend RAC drawing. A 0-bend RAC graph
(drawing) is also called a straight-line RAC graph (drawing). From an application
point of view, the study of these two families is motivated by several cognitive experiments, suggesting that the readability of a layout is negatively correlated to the number
of crossings [30, 31, 35] and that user task performances are not affected too much if
edges cross at large angles [19, 20, 21]. Also, users often prefer straight-line drawings
or layouts whose edges have few bends [29], and several algorithms are designed to
optimize this aesthetic criterion [9].
For the reasons above, it is interesting to study what graphs can be drawn with
at most one crossing per edge, right angle crossings, and few bends per edge at the
same time. For example, Figure 1 shows a 1-planar drawing in which each edge has
at most one bend and crossings occur at right angles; note that the depicted graph
does not admit a straight-line RAC drawing [14]. Recall that n-vertex 1-planar graphs
have at most 4n − 8 edges [28] and that straight-line 1-planar drawings have at most
4n − 9 edges [11], and that both these bounds are tight. Also, straight-line RAC graphs
have at most 4n − 10 edges [12], while 1-bend RAC graphs and 2-bend RAC graphs
have at most 6.5n − 13 and 74.2n edges, respectively [4]. Finally, every graph is 3bend RAC [12]. These results immediately imply that there are 1-planar graphs not
admitting 1-planar straight-line drawings and 1-planar graphs not admitting straightline RAC drawings. The existence of straight-line RAC graphs that are not 1-planar
has also been proven [14].
In this scenario, two of the main questions still open are: (i) What is the complexity
of deciding whether a graph has a drawing that is both 1-planar and straight-line RAC?
(ii) Does every 1-planar graph have a drawing that is both 1-planar and 1-bend RAC?
Contribution. In this paper we answer both questions (i) and (ii). More precisely:
• With respect to question (i), we prove that deciding whether a graph has a 1planar straight-line RAC drawing is NP-hard in general, even if the order of the
edges around the vertices is given as part of the input and cannot be changed.
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• We positively answer question (ii) and describe a linear-time algorithm that
takes as input a 1-planar graph G along with a 1-planar embedding (see Section 2 for definitions) and computes a 1-planar 1-bend RAC drawing of G. Note
that our algorithm may change the initial 1-planar embedding of G.
We remark that a characterization of the 1-planar graphs that can be drawn with
straight-line edges was given by Thomassen in 1988 [34]. The characterization is described in terms of the existence of a 1-planar embedding that does not contain two
primitive forbidden configurations. This result immediately implies that every 1-planar
graph admits a 1-planar drawing with at most one bend per edge (which is not necessarily RAC); it is sufficient to subdivide each crossing edge of any given 1-planar
embedding with a dummy vertex, so to remove any possible forbidden configuration.
Dummy vertices will correspond to bends in the final drawing. Moreover, Alam et
al. [1], proved that every 3-connected 1-planar graph can be drawn with straight-line
edges, except for at most one edge that may require one bend, in linear time. We also
recall that 1-planar straight-line RAC drawings always exist for IC-planar graphs [6],
which are graphs that admit a 1-planar drawing where no two crossed edges share an
end-vertex, and for outer-1-planar graphs [8], i.e., those graphs that have a 1-planar
drawing in which all vertices belong to the outer face.
The reminder of the paper is structured as follows: Section 2 introduces basic terminology used throughout the paper. The NP-hardness result about question (i) is given
in Section 3. Section 4 is concerned with question (ii) and describes the linear-time algorithm that computes 1-planar 1-bend RAC drawings of 1-planar graphs. Conclusions
and open problems are discussed in Section 5.
2. Preliminaries
A drawing Γ of a graph G maps each vertex of G to a point of the plane and each
edge of G to a Jordan arc connecting its two endpoints. A drawing is simple if any
two edges have at most one point in common (which is either a common endpoint or a
common interior point where the two edges properly cross each other). If not otherwise
specified, in the following we shall consider simple drawings. A k-bend drawing Γ of
a graph is a drawing where each edge is represented as a polyline with at most k ≥ 0
bends. If k = 0, Γ is also called a straight-line drawing. A graph G is planar if it
admits a planar (i.e., crossing-free) drawing. Such a drawing subdivides the plane into
topologically connected regions, called faces. The infinite region is the outer face. The
number of vertices encountered in a closed walk along the boundary of a face f is the
degree of f . Note that, if G is not 2-connected, a vertex may be encountered more than
once, thus contributing with more than one unit to the degree of f . A planar embedding
of G is an equivalence class of planar drawings of G having the same set of faces and
the same outer face. A plane graph is a planar graph with a given planar embedding.
We recall that a planar embedding is uniquely defined by the clockwise order of the
edges around each vertex and by the choice of the outer face (see [27] for more details
on planar graphs and embeddings).
A 1-planar drawing of a graph is a drawing where each edge is crossed at most
once. The concept of planar embedding is extended to non-planar drawings as follows.
3

Given a non-planar drawing Γ, interpret every crossing as a vertex. The resulting planarized drawing has a planar embedding. An embedding of a (non-planar) graph G
is an equivalence class of drawings whose planarized versions have the same planar
embedding. A 1-plane graph is a 1-planar graph with a given 1-planar embedding,
i.e., an embedding where each edge is crossed at most once. Each face of a 1-planar
embedding is composed of both vertices and/or crossings, and its degree is the number
of vertices and crossings encountered in a closed walk along its boundary (with their
multiplicity). An embedding is uniquely defined by the clockwise order of the edges
around each vertex, by the clockwise order of the (pieces of) edges around each crossing, and by the choice of the outer face. A rotation system R of a graph G defines
the clockwise order of the edges around each vertex of G, but does not specify any
information on crossings and outer face. A kite is a 1-plane graph isomorphic to K4
with an embedding such that all the vertices are on the boundary of the outer face, the
four edges on the boundary are crossing-free, and the remaining two edges cross each
other. Given a 1-plane graph G and a kite K = {a, b, c, d} such that K ⊆ G, we say
that K is empty if it does not contain any vertex of G inside the 4-cycle ha, b, c, di (that
is, it contains only the crossing point). A pair of crossing edges of G forms an empty
kite if their four end-vertices induce an empty kite.
A k-bend RAC drawing is a k-bend drawing where edges cross only at right angles.
A straight-line RAC drawing is a k-bend RAC drawing where k = 0. A 1-planar kbend RAC drawing is a k-bend RAC drawing where each edge is crossed at most once.
A 1-planar straight-line RAC drawing is a 1-planar k-bend RAC drawing where k = 0.
3. Recognizing 1-planar Straight-line RAC Drawable Graphs
In this section we prove that the problem of deciding whether a graph G admits a
1-planar straight-line RAC drawing is NP-hard. To simplify the presentation, we will
first assume that a rotation system R of G is given, which must be preserved in the
drawing. However, as we will note later in this section our result holds even without
this assumption.
Theorem 1. It is NP-hard to decide whether a graph G with a rotation system R admits
a 1-planar straight-line RAC drawing that preserves R.
Proof. We reduce from the problem 3-PARTITION, which is known to be NP-hard in
the strong sense [15]. An instance of 3-PARTITION consists of a set A = {a1 , a2 , . . . , a3m }
P3m
1
of 3m integers, each of which is strictly between B/4 and B/2, where B = m
i=1 ai .
Problem 3-PARTITION asks whether A can be partitioned into a m subsets A1 , A2 , . . . , Am ,
each of cardinality 3, such that the sum of the integers in each subset is B.
Let A be an instance of 3-PARTITION. We will construct in polynomial time a
graph G and a rotation system R of G, such that A can be partitioned if and only if
G admits a 1-planar straight-line RAC drawing Γ preserving R. Central in our construction is the so-called augmented square antiprism graph (or ASA graph for short);
see Figure 2a. Argyriou et al. [3] have shown that the ASA graph admits only two
embeddings that can be realized as straight-line RAC drawings (and are also 1-planar),
illustrated in Figures 2a and 2b respectively. However, if one appropriately glues two
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(or more) ASA graphs as in Figure 2c, then there exists only a single embedding that
can be realized as a straight-line RAC drawing [3].
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Figure 2: (a),(b) Two different RAC drawings of the ASA graph with different embeddings. (c) The result
of gluing two ASA graphs yielding a new graph with unique embedding realizable as a straight-line RAC
drawing.

Let M be a large integer such that M > ai for each i = 1, 2, . . . , 3m, e.g., M =
dB/2e + 1. To construct graph G, we first create a quite rigid structure, called ring
barrier, consisting of four components: the top beam, the right wall, the bottom beam
and the left wall; see Figure 3d. Each of the top and bottom beams consists of 3mM
copies of the ASA graph that are horizontally glued one next to the other; see also
Figure 3a. On the other hand, each of the left and right walls consists of 2m2 copies
of the ASA graph that are vertically glued one above or below the other; see also
Figure 3b. The ring barrier is formed by gluing in a circular arrangement the endpoints
of the top beam, right wall, bottom beam and left wall with four new copies of the ASA
graph that act as corners; see also Figure 3c.
We proceed by connecting the top and bottom beams by a set of 3m columns; see
Figure 3d. Each column contains a stack of 2m − 2 vertically-aligned copies of the socalled barrier-gadget, which is formed by horizontally gluing M −1 copies of the ASA
graph. Within each column, consecutive copies of the barrier-gadget are connected by
pairwise disjoint edges. The topmost and the bottomost copy of the barrier-gadget of
each column is connected to the top and bottom beam, respectively, also by pairwise
disjoint edges. The edges that realize these connections are called vertical edges and
form the so-called cells. In particular, there are m − 1 topmost cells, one central cell
and m − 1 bottomost cells. The central cell of the i-th column is sparse containing only
ai vertical edges; the remaining (topmost or bottomost) ones are dense containing M
edges each; recall that M > ai .
We conclude the construction of graph G by introducing m pairwise internally
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Figure 3: Illustration of: (a) horizontal gluing (b) vertical gluing (c) corner gadget (d) the reduction from
3-PARTITION, where m = 3, A = {2, 3, 4, 5, 5, 6, 6, 7, 7} and B = 15. Paths π1 , π2 and π3 are routed
according to the following solution of 3-PARTITION: A1 = {2, 6, 7}, A2 = {3, 5, 7} and A3 = {4, 5, 6}.

disjoint paths, π1 , π2 , . . . , πm , called the transversal paths of G. Each transversal path
has exactly (3m − 3)M + B edges. For j = 1, 2, . . . , m, let uj be the bottom-right
vertex of the 2mj-th copy of the ASA graph on the left wall. Symmetrically, let vj
be the bottom-left vertex of the 2mj-th copy of the ASA graph on the right wall; see
Figure 3d. Path πj connects vertex uj of the left wall to vertex vj of the right wall.
In order to define the rotation system R, we will assume that the cyclic order of the
edges around each vertex is compatible with the one of Figure 3d. This implies that the
ring barrier as well as the barrier gadgets have unique embeddings, because the gluing
of two or more ASA graphs has [3]. Also, 1-planarity implies that the vertical edges
of each cell cannot cross with each other or with vertical edges of other cells. Now it
is straightforward to see that an instance of 3-PARTITION can be transformed into an
instance of the 1-planar straight-line RAC drawing problem in time polynomial in m,
B and M .
Now, assume that graph G admits a 1-planar straight-line RAC drawing Γ preserving R and consider a transversal path πj in Γ, j = 1, 2, . . . , m. Since πj connects a
vertex of the left wall to a vertex of the right wall and since πj cannot pass through the
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ring barrier (due to 1-planarity), it follows that πj must cross all columns of G. The
length of each transversal path, however, guarantees that each of the transversal paths
must cross exactly three sparse cells and 3m − 3 dense ones, while 1-planarity ensures
that no two transversal paths pass through the same cell. With the latter two properties
in mind, we are now able to present how to construct a solution A1 , A2 , . . . , Am of the
instance A of 3-PARTITION. More precisely, if path πj crosses the κ-th, λ-th and µ-th
columns of G through sparse cells, where 1 ≤ κ, λ, µ ≤ 3m, then the j-th partition Aj
of instance A of 3-PARTITION will contain integers {aκ , aλ , aµ }. Observe that, due to
the length of πj , aκ + aλ + aµ = B.
To complete the description of our NP-hardness reduction, assume that instance
A of 3-PARTITION admits a partition into subsets A1 , A2 , . . . , Am each of cardinality
three. We construct a 1-planar straight-line RAC drawing of G preserving R as follows.
First, we draw each copy of the ASA graph in a 1×1 enclosing box so that the boundary
edges of it coincide with the corresponding edges of its enclosing box. This implies that
the ring barrier is drawn as a rectangle of width 3mM + 2 and height 2m2 + 2, while
each barrier gadget is drawn as a rectangle of width M and unit height. Additionally,
the endpoints ui and vi of a transversal path πj are drawn in the same y-coordinate
along the left and right walls, respectively, j = 1, 2, . . . , m; see Figure 3d. This implies
that we can draw transversal path πj along the horizontal line-segment connecting uj
and vj . In addition, all vertical edges of each column of G can be drawn as pairwise
crossing-free vertical line-segments of minimum length one. This implies a partial
drawing Γ in which the barrier gadgets of each column are allowed to “float” within
their columns affecting neither the 1-planarity nor the RAC drawability of Γ (as long
as their partial order from top to bottom is preserved).
To complete the drawing, it remains to describe how to appropriately embed transversal paths π1 , π2 , . . . , πm of G in the partial drawing Γ constructed so far violating neither the 1-planarity nor the RAC drawability of Γ. To do so, we will exploit solution
{A1 , A2 , . . . , Am } of 3-PARTITION for instance A. The idea is to route π1 , π2 , . . . , πm
in such a way that: (R1) they do not cross each other, (R2) they do not cross any
barrier-gadget, (R3) each cell is traversed by at most one path, (R4) each path passes
through exactly 3 sparse cells and 3m − 3 dense cells. Consider a subset Aj of the
solution of instance A of 3-PARTITION and assume without loss of generality that
Aj = {aκ , aλ , aµ }, where 1 ≤ κ, λ, µ ≤ 3m. Then, in drawing Γ path πj will
cross the κ-th, λ-th and µ-th columns of G through sparse cells. Path πj will cross
the remaining columns of G through dense cells. Hence, requirement (R4) is satisfied.
Consider now the routing of the remaining transversal paths through the κ-th column;
the corresponding routings though the λ-th and µ-th columns of G are symmetric. By
construction, there must exist exactly m − 1 available cells above and exactly m − 1
available cells below the sparse cell of the κ-th column; all of which are dense. This
implies that there exist at least as many available dense cells as transversal paths to
route at each side of the sparse cell of the κ-th column. Hence, we can route the remaining transversal paths through the κ-th column so that requirements (R1)-(R3) are
also satisfied. This completes our NP-hardness proof.
Note that our reduction is similar to the one proposed by Bekos et al. [5] in order to
prove that the fan-planar drawing problem [22] with a fixed rotation system is NP-hard.
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Figure 4: A triangulated 1-plane graph with two pairs of crossing edges. One of these two pairs forms an
empty kite, while the other one does not since its crossing is part of the outer face.

However, although the general idea is similar in both reductions, ours required different approaches as it relies more on geometric techniques than the more combinatorial
ones given in [5]. Now, observe that our reduction is quite rigid. In particular, since
gluing two or more ASA graphs yields a graph with unique embedding realizable as
a straight-line RAC drawing [3], it follows that the rotation system of the ring barrier
and all copies of the barrier gadgets has to be uniquely defined. On the other hand,
1-planarity guarantees that all columns and all transversal paths are completely drawn
in the interior of the ring barrier, and no two vertical edges can cross each other. Hence,
R is uniquely implied by these properties. The above discussion can be summarized as
follows.
Theorem 2. It is NP-hard to decide whether a graph admits a 1-planar straight-line
RAC drawing.
4. 1-planar 1-bend RAC Drawings
In this section we prove that every 1-planar graph admits a 1-planar 1-bend RAC
drawing.
Theorem 3. Let G be an n-vertex 1-planar graph. Then G admits a 1-planar 1-bend
RAC drawing Γ. Also, if a 1-planar embedding of G is given as part of the input, Γ can
be computed in O(n) time.
A 1-plane graph G, possibly containing parallel edges, is triangulated if each face
is a triangle, formed by either three vertices or by one crossing and two vertices.
Clearly, a triangulated 1-plane graph is 2-connected. The next observation immediately follows from the definition of triangulated 1-plane graph.
Observation 1. Let G be a triangulated 1-plane graph. Every pair of crossing edges
of G forms an empty kite, except for at most one pair of crossing edges if their crossing
point is on the outer face of G.
For example, Figure 4 shows a triangulated 1-plane graph with two pairs of crossing
edges. One of these two pairs forms an empty kite, while the other one does not since
its crossing is part of the outer face.
We are now ready to prove Theorem 3. The proof is based on an algorithm that
takes as input a (simple) 1-plane graph G with n vertices (see, e.g., Figure 5a), and
8
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Figure 5: Illustration for the augmentation step of the algorithm. In each subfigure, the thick edges are those
added by the augmentation step (note that some of them exist already in G).
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Figure 6: (a) Crossing augmentation; (b) The removal of an edge (the dashed one) from a face of degree two.

computes a 1-planar 1-bend RAC drawing Γ of G in O(n) time. The assumption
that G comes with a given 1-planar embedding is motivated by the fact that deciding
whether a graph admits such an embedding is NP-complete [16, 25]. Moreover, we
shall assume that G is connected, as otherwise we can draw independently each connected component. The high-level idea of the algorithm is as follows. First augment G
and (if needed) modify its embedding to get a triangulated 1-plane graph, possibly containing parallel edges. Then, execute a hierarchical contraction of the graph and apply
a recursive technique to compute a 1-planar 1-bend RAC drawing. Roughly speaking,
a hierarchical contraction is a recursive operation that computes from G a hierarchy
of coarser graphs by contracting specific subgraphs into single edges. These steps are
described in more detail in the following sections.
4.1. Augmentation
The first step of the algorithm transforms G into a triangulated 1-plane graph G+
by adding edges and vertices. The 1-planar embedding of G+ may be different from
that of G for the common part.
Let (a, c) and (b, d) be two edges of G that cross in a point p. Let {a, b, c, d} be the
circular order of the vertices around p. For each such pair of crossing edges, we add
an edge (a, b), and draw1 it such that it follows the curves (a, p) and (p, b). Similarly,
we draw the three edges (b, c), (c, d) and (d, a) (see Figure 6a). This operation ensures
that each pair of crossing edges forms an empty kite. Also, this operation does not introduce edge crossings but it may create parallel edges. We denote by G1 the resulting
1 For

ease of description, here we are interpreting an embedding as a drawing.
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(multi)graph. For each pair of parallel edges e1 and e2 of G1 , such that e1 ∈ G and
e2 ∈ G1 , we remove e1 from G1 . Since all edges in G1 \ G are drawn planar, and since
we removed all pairs of parallel edges e1 and e2 of G1 such that e1 ∈ G and e2 ∈ G1 ,
it follows that no parallel edge is crossed in G1 . Then, for each face of degree two
(which consists of two parallel edges), we remove one of its edges (see Figure 6b).
Note that, if the outer face has degree two, then each of its two parallel edges is part
of an empty kite. Thus, we remove one of these two edges to make the degree of the
outer face equal to three (it will be formed by two vertices and one crossing).
Let G2 be the resulting graph, which can be easily computed in O(n) time, since
G has O(n) crossings (see, e.g., [33]). Observe that if there exist two parallel edges in
G2 , then their two end-vertices form a separation pair. Figure 5b shows the graph G2
obtained from the graph G of Figure 5a. We remark that a similar operation has been
used by Alam et al. [1] in order to compute a straight-line drawable 1-planar embedding
of a 3-connected 1-planar graph. Alam et al. [1], however, consider only 3-connected
graphs. This ensures that the augmented graph does not contain parallel edges. We do
not have any restriction on the connectivity of G, which poses additional issues in the
construction of a suitable 1-planar embedding.
We now transform G2 into a triangulated 1-plane graph. Recall that by construction
each face of G2 is either a triangle or it has degree greater than three. Let f be a face
of G2 that is not a triangle. Such a face contains only vertices on its boundary, since
each crossing is shared by exactly four triangular faces due to the empty kite property.
We add an extra vertex vf inside f and connect it to all vertices on the boundary of
f . Figure 5c shows the graph G+ obtained from the graph G2 in Figure 5b. Since G2
has O(n) faces, G+ has O(n) vertices and it can be computed in O(n) time. The next
lemma follows from the above discussion.
Lemma 4. Graph G+ is a triangulated 1-plane (multi)graph.
4.2. Hierarchical contraction
For ease of description, we define a hierarchical contraction of G+ inspired by
SP QR-trees [10], but simpler and more direct for our purposes (that is, we use a simpler data structure and a more concise terminology). We start by proving the following
key property of triangulated 1-plane graphs.
Lemma 5. Let G be a triangulated 1-plane graph, and let {u, v} be a separation pair
of G. Then there exist two parallel edges e, e0 between u and v such that {u, v} is not a
separation pair for the graph obtained by removing from G all vertices inside the cycle
he, u, e0 , vi.
Proof. Refer to Figure 7. Let C0 , . . . , Ck−1 be the k > 1 connected components
obtained by removing u and v from G. Observe first that there is no pair of crossing
edges ei , ej , such that ei ∈ Ci and ej ∈ Cj , with 0 ≤ i 6= j ≤ k − 1, as otherwise,
by Observation 1, Ci and Cj would not be distinct components. After a possible relabeling, we can assume that C0 , . . . , Ck−1 are such that for every pair of indices i and
j, with 0 ≤ i < j ≤ k − 1, Ci is encountered before Cj in the counterclockwise order
around u, starting from some fixed edge of C0 incident to u.
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Figure 7: Illustration for the proof of Lemma 5.
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Figure 8: Illustration for the hierarchical contraction technique. Thick edges are drawn thicker (and red).

Since all faces of G are triangles, each face incident to u and v is also incident
either to a third vertex (distinct from u and v), or to a crossing. Thus, for each pair of
consecutive components Ci and Ci+1 (for i = 0, . . . , k − 1) there is a parallel edge ei
between u and v that is incident to a face of Ci and to a face of Ci+1 (indices taken
modulo k). We let e = ek−1 and e0 = ek−2 (they are bold in Figure 7). Then, the
graph obtained by removing all vertices inside the cycle he, u, e0 , vi corresponds either
to C0 , or to Ck−1 , and in both cases the statement holds.
By Lemma 5, for each separation pair {u, v} of G+ , there exists a set of k > 1
parallel edges {e0 , . . . , e0 = ek−2 , e = ek−1 } between u and v, such that the cycle
he, u, e0 , vi encloses all other parallel edges between u and v in its interior. We call
the subgraph Guv of G+ whose outer face is {e, u, e0 , v}, inner graph of (u, v), and
each subgraph of Guv whose outer face is {u, ei−1 , v, ei }, for i = 0, . . . , k − 2 (where
e−1 = ek−1 ), inner component of (u, v). Let Guv be an inner graph of G+ that does
not contain any inner graph as a subgraph. Replace Guv with a thick edge between u
and v; the resulting graph is still a triangulated 1-plane graph. Iterate this procedure
until there are no more inner graphs to be replaced. Since the end-vertices of each set
of parallel edges form a separation pair, and since we removed all subgraphs enclosed
by parallel edges, this results in a simple triangulated 3-connected 1-plane graph G∗ .
Figure 8c shows the graph G∗ obtained from the graph G+ in Figure 8a, through the
intermediate step in Figure 8b. Namely, in the first step a thick edge (u1 , v1 ) is added
to replace Gu1 v1 and the resulting graph is shown in Figure 8b. Then a thick edge is
added to replace Gu2 v2 ; the resulting graph is shown in Figure 8c and does not contain
other separation pairs. The next lemma follows.
Lemma 6. Graph G∗ is a simple 3-connected triangulated 1-plane graph.
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Note that graph G∗ can be computed in O(n) time since all separation pairs of the
graph can be computed in O(n) time (see, e.g., [18]).
4.3. Drawing
The overview of this third step is as follows. Start with a 1-planar 1-bend RAC
drawing of G∗ , and then recursively replace thick edges with a 1-planar 1-bend RAC
drawing of the corresponding inner graphs. Finally, delete the edges and vertices added
in the augmentation step to get a 1-planar 1-bend RAC drawing of G.
To compute a 1-planar 1-bend RAC drawing of G∗ , first remove from G∗ all pairs
of crossing edges and denote by H ∗ the resulting plane graph (see Figure 9a). Note
that thick edges are never crossed and all faces of H ∗ have either degree three or degree
four. We prove the following.
Lemma 7. Graph H ∗ is 3-connected.
Proof. Clearly, H ∗ is connected, as every pair of crossing edges in G∗ forms an empty
kite and the removal of the two crossing edges cannot disconnect the graph. Also,
observe that each face of H ∗ has degree either three or four.
Suppose, for a contradiction, that H ∗ contains a cut vertex c. Then there is a face f
of H ∗ such that c is encountered at least twice in a closed walk C along the boundary
of f . Consider two consecutive occurrences, denoted by c1 and c2 , of c in C. If in C
no further vertex is encountered between c1 and c2 , then c has a self-loop, which is not
possible. If only one vertex v is encountered, then either v has degree one in H ∗ , or
there are two parallel edges between c and v, and both cases are not possible. Hence,
between any two consecutive occurrences of c in C there must be at least two distinct
vertices, and thus the degree of f is at least six, a contradiction to the fact that all faces
of H ∗ have degree either three or four.
It remains to show that H ∗ contains no separation pair. Suppose, for a contradiction, that H ∗ contains a separation pair {u, v}. Then there are at least two faces of H ∗ ,
denoted by f1 and f2 , such that: (i) f1 and f2 share no edge and contain both u and v;
(ii) either both f1 and f2 have degree four, or one has degree three and the other one
has degree four. Since every degree-4 face of H ∗ corresponds to a kite in G∗ , in both
cases G∗ contains at least two parallel edges between u and v, a contradiction to the
fact that G∗ is simple.
Compute a planar straight-line drawing γ ∗ of H ∗ where all faces are strictly convex and the outer face is a prescribed convex polygon P (see Figure 9b); this can be
done by applying the linear-time algorithm by Chiba et al. [7]. We remark that having
convex inner faces and a prescribed polygon as outer face are two key ingredients for
our construction. Thus, the algorithm by Alam et al. [1] cannot be directly used in this
context. If the outer face of H ∗ has degree four, we let P be a trapezoid, else P is a
triangle. Since H ∗ is triconnected and all faces are either triangles or quadrangles, we
can avoid three collinear vertices by slight perturbations. Namely, since all faces have
degree at most four and are drawn convex, no more than three vertices can be simultaneously collinear and in the same face. Suppose that three vertices are drawn collinear
and belong to the same face f . Since the graph is triconnected, none of these three
vertices has degree two. Also, the three vertices are incident to faces drawn convex,
12
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Figure 9: Illustration of the drawing technique. The graph depicted in (i) is drawn inside the triangular region
incident to (u1 , v1 ) (pink).

and thus we can slightly move one of them such that all faces remain convex and no
collinearity introduced in the drawing. To reinsert the crossing edges, we distinguish
between the inner faces and the outer face of H ∗ .
Two crossing edges can be easily reinserted in an inner face, just drawing one of
the two with no bend and the other with one bend, such that they cross at right angles
(see, e.g., [2] and Figure 9c).
To reinsert two crossing edges e1 , e2 in the outer face of H ∗ so that they form a
right angle, we can draw e1 and e2 with one bend each (see also Figure 10). Namely,
P is a trapezoid by construction. Assume that the minor base m and the greater base
M of P are aligned with the horizontal axis. The first segment of e1 is such that its
rightmost endpoint p1 coincides with the rightmost endpoint of m, and its leftmost
endpoint q1 is b units above the leftmost endpoint of m, where b is equal to the length
of m. The second segment of e1 has q1 as rightmost endpoint, and its leftmost endpoint
r1 coincides with the leftmost endpoint of M . Edge e2 is drawn symmetrically. This
construction makes the first segments of e1 and e2 intersect in a right angle.
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Figure 10: Reinserting the pair of crossing edges on the outer face of H ∗ .

Consider now a thick edge (u, v) of G∗ and its inner graph Guv . Recall that Guv
consists of k − 1 ≥ 1 inner components C0 , . . . , Ck−2 . Each Ci (i = 0, . . . , k − 2) has
two parallel edges ei−1 , ei as outer face (where e−1 = ek−1 ). Also, analogously to G∗ ,
Ci− = Ci \ {ei } is a simple 3-connected triangulated 1-plane graph (it is an induced
subgraph of G+ and all its inner graphs have been replaced by thick edges). Remove all
crossing edges of Ck− and let Hk− be the resulting 3-connected plane graph. Compute
a planar straight-line drawing γk of Hk− such that all faces are strictly convex polygons
and the outer face is a prescribed polygon P . We distinguish two cases, depending on
the degree of the outer face of Hk− .
If the outer face of Hk− has degree 3, P is a triangle whose side with corners u
and v has length equal to the length of the thick edge (u, v) in Γ∗ , and its height is
small enough so that the thick edge (u, v) can be replaced with P without introducing
crossings.
If the outer face of Hk− has degree 4, P is a trapezoid such that its greater base
has u and v as corners and the same length as the thick edge (u, v) in Γ∗ . The height
of P is such that the thick edge (u, v) can be replaced with P without introducing
crossings. Also, the minor base of P is made sufficiently short such that the pair of
crossing edges on the outer face of Hk− can be reinserted without introducing crossings
in Γ∗ , as described for H ∗ (see Figure 9d). By the same argument used for H ∗ , all
pairs of crossing edges can be reinserted so to form right angle crossings and have at
most 1 bend each (see Figure 9e). If k − 1 > 1, we iterate this procedure and compute
−
a drawing Γ−
i for each Ci , for i = k − 2, . . . , 0. The polygon representing the outer
face of each Γi is suitably chosen so to fit inside the face containing edge ei in Γi+1 .
The union of all such drawings is a 1-planar 1-bend RAC drawing Γuv of Guv (see
Figures 9f and 9g). All parallel edges e0 , . . . , ek−1 are represented by overlapping
segments between u and v, thus all of them but one can be removed from the drawing.
Repeat this procedure for each thick edge of G∗ , and recursively apply the same
technique for each inner graph of G∗ ; see Figures 9h and 9i for an illustration. The
resulting drawing Γ is a 1-planar 1-bend RAC drawing of G+ . Removing dummy
vertices and edges, we get the desired drawing of G. In terms of time complexity, each
planar straight-line drawing with (strictly) convex faces is computed in linear time in
the size of the input graph [7], and in linear time we can reinsert the crossing edges.
Thus the whole procedure takes O(n) time. This concludes the proof of Theorem 3.
5. Conclusions and Open Problems
We proved that deciding if a graph admits a 1-planar straight-line RAC drawing is
NP-hard. Note that maximally dense RAC graphs (i.e., RAC graphs with n vertices
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and exactly 4n − 10 edges) are 1-planar [14]. So, an interesting open problem is to
establish the complexity of deciding whether an n-vertex graph with 4n − 10 edges
is straight-line RAC drawable. On the positive side, it is known that IC-planar graphs
and outer-1-planar graphs are straight-line RAC [6, 8]. It would be interesting to find
other subfamilies of 1-planar graphs that are straight-line RAC. In particular, we ask
whether NIC-planar graphs are straight-line RAC. We recall that a graph is NIC-planar
if it admits a 1-planar drawing in which any two pairs of crossing edges share at most
two vertices (see, e.g., [36]).
We presented a drawing algorithm to compute 1-planar 1-bend RAC drawings of
1-planar graphs. This algorithm may produce drawings with exponential area: Is this
area requirement necessary for some family of 1-planar graphs? Also, our algorithm
may change the embedding of the input graph. For example, the edge (u2 , v2 ) is on
the outer face in the original embedding of the input graph G (Figure 5a), while it is
not drawn on the outer face in the drawing produced by our algorithm (Figure 9h). Are
there 1-planar embeddings that cannot be realized as 1-bend RAC drawings?
Acknowledgments
We thank the anonymous referees of this paper for their valuable suggestions.
References
[1] M. J. Alam, F. J. Brandenburg, and S. G. Kobourov. Straight-line grid drawings of 3connected 1-planar graphs. In S. K. Wismath and A. Wolff, editors, GD 2013, volume
8242 of LNCS, pages 83–94. Springer, 2013.
[2] P. Angelini, L. Cittadini, W. Didimo, F. Frati, G. D. Battista, M. Kaufmann, and A. Symvonis. On the perspectives opened by right angle crossing drawings. J. Graph Algorithms
Appl., 15(1):53–78, 2011.
[3] E. N. Argyriou, M. A. Bekos, and A. Symvonis. The straight-line RAC drawing problem
is NP-hard. J. Graph Algorithms Appl., 16(2):569–597, 2012.
[4] K. Arikushi, R. Fulek, B. Keszegh, F. Moric, and C. D. Tóth. Graphs that admit right angle
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